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The performance of flat fins for tube-fin heat exchangers has been analyzed for both inline and staggered
arrangement of tubes. In earlier published studies, regular square and equilateral triangular array tube
layouts were considered. No such restriction is put in the present study. The analysis has been done
by a semi-analytical technique where the boundary condition at the fin edge is discretely satisfied at a
large number of points by a method of collocation. It has also been demonstrated that the approximate
results obtained by the sector method closely agree with the prediction of semi-analytical technique.
Finally, a generalized scheme of optimization based on Lagrange multiplier technique has been suggested
which shows that irrespective of the volume and thickness of the fins, square and equilateral triangular
array of tubes are the optimum layout for inline and staggered arrangements, respectively. This result
was known so far only intuitively. The optimum dimensions for flat fins for other layout of tubes have
also been obtained specifying the ratio of longitudinal to transverse tube pitch.

� 2009 Elsevier Inc. All rights reserved.
1. Introduction

The rate of heat exchange between a gas and liquid stream is
limited due to the low heat transfer coefficient of the gas side.
External fins attached on the liquid carrying tubes circumvent this
problem to a large extent. Individual fins of different geometry or
integral tube-fin heat exchangers are used in practice. Due to their
compactness tube-fin heat exchangers find wide applications in
HVAC systems, power plants and process industries. In such
cross-flow heat exchangers, the gas stream flows over flat fins.
The liquid stream flows through the tubes, which pierce the flat
fins in a regular array, and then generally tubes are mechanically
expanded on to fins for a good tube-to-fin thermal contact. The
tubes may have inline or staggered arrangement as shown in
Fig. 1. The geometry of the inline arrangement can be specified
by the longitudinal pitch (Pl) and transverse pitch (Pt). For stag-
gered arrangement, one can define the transverse pitch (Pt) and
the diagonal pitch (Pd). In both of these arrangements, the flat fins
can be divided into a number of repetitive modules, which circum-
scribe a particular tube and have adiabatic boundaries. For inline
arrangement this is a rectangle, while in staggered arrangement
this is an irregular hexagon. The rate of heat exchange from these
polygonal fins needs to be analyzed for predicting the performance
of flat fin and round tube heat exchangers.
ll rights reserved.

: +91 33 24146890.
ndu).
It may be noted that in each of the above arrangements if the
pitch lengths are made equal, i.e. Pl = Pt for inline tubes and Pt = Pd

for staggered tubes, a square array is obtained in the former case
and an equilateral triangular array is formed in the later case. Each
tube then dissipates heat through a square fin or a regular hexag-
onal fin respectively.

The difficulty of analyzing circumferential polygonal fins arises
from the fact that the temperature field in the fins is two-dimen-
sional and the fin geometry conforms neither to the rectangular
Cartesian coordinate system nor to a cylindrical polar coordinate.
A closed form expression for the fin efficiency is not available.
Sparrow and Lin (1964) analyzed the heat transfer from circumfer-
ential fins of square and hexagonal geometry by an entirely differ-
ent approach, which they termed as the semi-analytical technique.
Using separation of variables technique, they obtained the temper-
ature distribution in a series form. They satisfied the adiabatic con-
dition at the fin tip only at discrete points and determined the
coefficients of the series by a collocation method. Zabronski
(1955) gave an analytical solution for the temperature distribution
and efficiency of square fins around circular tubes. In this analysis,
the adiabatic boundary condition at the fin edge has been satisfied
exactly while the isothermal condition at the fin base was satisfied
only approximately. These approximate methods of analysis have
only a limited application in practical design. Parallel efforts have
been made to find out approximate analytical techniques such that
expression for fin performance is obtained by using the efficiency
of circular fins.
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Nomenclature

a area of the symmetric sector (m2)
A dimensionless area, a=2r2

i
an area of nth sector (m2)
An area of nth sector, dimensionless
B1,B2 variables expressed in Eqs. (9) and (10), dimensionless
Bi Biot number, hri/k, dimensionless
Cj constant (j = 0, 1, 2,...), see Eq. (6), dimensionless
D1, D2 variables defined in Eqs. (18) and (19), dimensionless
f1, f2, f3 functions, see Eqs. (27) and (29), dimensionless
F factor (1 for inline array, 2 for staggered array)
g notation expressed in Eq. (28), dimensionless
h convective heat transfer coefficient (W m�2 K�1)
In(Z) modified Bessel function of first kind and order n having

argument Z
J Jacobian matrix, dimensionless
k thermal conductivity of the fin material (W m�1 K�1)
Kn(Z) modified Bessel function of second kind and order n

having argument Z
m total number of sectors
n integer number
p total number of points taken on the fin tip
Pd diagonal pitch (m)
Pl longitudinal pitch (m)
Pt transverse pitch (m)
q actual heat transfer rate (W)
Q actual heat transfer rate, defined in Eq. (11), dimension-

less
qe heat transfer rate, see Eq. (14) (W)
Qe heat transfer rate, defined in Eq. (14), dimensionless
qi ideal heat transfer rate (W)
Qi ideal heat transfer rate, see Eq. (12), dimensionless
r radial distance (m)

ri outer radius of tubes (m)
rt tip distance from the tube center (m)
R r/ri, dimensionless
Ra sl/st, dimensionless
Rt rt/ri, dimensionless
Rtn dimensionless radial distance, see Eq. (21)
sl longitudinal distance of the symmetric sector, see Fig. 1

(m)
st transverse distance of the symmetric sector, see Fig. 1

(m)
Sl sl/ri, dimensionless
St st/ri, dimensionless
t semi-thickness of the fin (m)
T t/ri, dimensionless
Ta ambient fluid temperature (K)
Tb temperature at the outer tube (K)
Tf local fin temperature(K)
U fin volume, see Eq. (25), dimensionless
v fin volume (m3)
Z0 fin parameter,

ffiffiffiffiffiffiffiffiffiffi
Bi=T

p
, dimensionless

Greek letters
a0 tan�1(St/Sl), dimensionless
u angular position in the plate, deg
un defined in Eq. (23), deg
e fin effectiveness, see Eqs. (15) and (24), dimensionless
g fin efficiency, see Eqs. (13) and (16), dimensionless
gn fin efficiency of nth sector, see Eq. (17), dimensionless
h temperature, (Tf � Ta)/(Tb � Ta), dimensionless
D1, D2, D3 notations used in Eq. (33), dimensionless
C1, C2, C3 notations used in Eq. (34), dimensionless
X1, X2, X3 matrixes expressed in Eqs. (35)–(37), dimensionless
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Equivalent annulus technique is the simplest of the approxi-
mate techniques. In this method, the efficiency of the polygonal
fin is considered equal to that of a circular fin having identical in-
ner radius, fin thickness and fin surface area (Zabronski, 1955). Car-
rier and Anderson (1944) pointed out the limitations of the
equivalent annulus method. Sparrow and Lin (1964) have also
demonstrated the inaccuracy of results predicted by this method
for a certain range of fin geometry. Kuan et al. (1984) conducted
a numerical study and determined the efficiency of a variety of
polygonal fins circumscribing tubes of different geometry. They
found that the equivalent annulus method is inaccurate when
the tube or the fin geometry becomes elongated.

An improvement over the equivalent annulus method is the
sector method (Shah, 1985). In this method, the polygonal fin is di-
vided into a number of radial sectors. The approximate efficiency of
each sector is determined assuming it to be a part of an annular fin.
Finally, the weighted average of the sector fin efficiency yields the
fin efficiency of the flat fin.

Kundu and Das (2000) compared the accuracy of prediction of
these two approximate techniques with the semi-analytical tech-
nique of Sparrow and Lin (1964) for square, hexagonal and eccentric
annular fins. They reported that the accuracy of the equivalent
annulus method decreases with the increase of two-dimensionality
of the fins. In fact, the equivalent annulus method cannot be applied
for eccentric annular fins. On the other hand, the sector method
shows a close agreement with the semi-analytical technique over
a wide range of thermo-geometric parameters of the fins. Kundu
and Das (2000a) have further provided a modified formula of the
sector method to analyze polygonal fins with tip heat loss.
In a separate work, Kundu and Das (2000b) suggested another
improvisation of the sector method. They have defined the outer
radius of the sector based on its area. This modification unifies
the equivalent annulus method and the sector method. Moreover,
a better accuracy is obtained with a fewer number of sectors.

McQuiston et al. (2001) suggested the use of empirical formula-
tion originally proposed by Schmidt (1945-46) for determining the
equivalent outer radius of polygonal fins. For inline and staggered
arrangement of tubes, separate relationships as functions of the
relevant geometrical parameters have been given.

While the addition of surface area due to fins in a heat exchan-
ger is essential to compensate for low heat transfer coefficient of
gas/oil flowing over fins, addition of the fins increases weight, vol-
ume and the initial cost of heat exchangers. In tube-fin heat
exchangers, the tube spacing and fin thickness can be selected
optimally so that the maximum heat can be transferred for a given
fin volume. Starting from the semi-analytical technique of Sparrow
and Lin (1964), Kundu and Das (1997) determined the optimum
dimensions of square and regular hexagonal fins under the con-
straint of specified fin volume. Kundu and Das (1999) further ex-
tended this study to determine the optimum dimensions of
eccentric annular disc fins. Kundu and Das (2000a) also demon-
strated that the optimum dimensions of square and hexagonal fins
can be predicted very accurately by the sector method. Perrotin
and Clodic (2003) determined the fin efficiency in enhanced fin-
and-tube heat exchangers in dry conditions. The performance
characteristics correlation for round tube and plate finned heat
exchangers was determined experimentally by Abu Madi et al.
(1998).
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Fig. 1. Schematic representation of fin tube heat exchangers: (a) inline arrange-
ment; (b) staggered arrangement.
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Fig. 2. Symmetric section of an irregular polygonal fin: (a) inline arrangement; and
(b) staggered arrangement.
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The above discussion shows that most of the previous work
considered regular polygonal fins which pertain to only square ar-
ray and equilateral triangular array of tubes. Nevertheless, tube
layouts different from these are often used for various practical
reasons. Though Shah (1985) suggested the use of sector method
and Schmidt (1945-46) proposed empirical formulas for irregular
polygonal fins, no analysis for such geometry has so far been for-
warded. In the present paper, generalized layouts (as shown in
Fig. 1) for inline and staggered arrangement of tubes have been
considered. The symmetrical module surrounding each of the
tubes are rectangle and irregular hexagon respectively in these
two cases. Taking the queue from the analysis of Sparrow and
Lin (1964), the temperature distribution, fin efficiency and fin
effectiveness of these two polygonal fins have been determined
using a collocation method. It has also been demonstrated that
the fin performance predicted by the sector method agrees closely
with the analytical results. Finally, a generalized formulation has
been made for determining the optimum dimension of fins and a
method has been suggested for constructing the design curves
for optimum fins.
2. Analysis

In the polygonal fins shown in Fig. 1a and b, two lines of sym-
metry may be identified. These zero temperature gradient lines
intersect each other orthogonally at the tube center and deviates
each fin into four thermally symmetric sections. It is suffice to ana-
lyze any of the sections for determining the performance of the
whole fin. In Fig. 2, the symmetric sections of the rectangular
and irregular hexagonal fins have been depicted.

The following idealizations are made for the analysis:
1. Heat exchange between the fin and the surrounding fluid takes
place in steady state.

2. The heat transfer from the fin surface to environment is solely
by convection.

3. The conductivity of fin material is uniform and constant.
4. The convective heat transfer coefficient and the temperature of

the fluid medium are constant and uniform.
5. Though there is temperature variation both along radial and

azimuthal directions, the temperature gradient normal to the
fin surface is neglected, as its thickness is small compare to
other dimensions.

6. The thermal contact resistance between the fin and the tube is
negligible.

7. Longitudinal heat conduction in the fin along the fluid flow
direction is negligible.

With the above idealizations, the governing equation for the flat
fins can be written in the cylindrical polar coordinate as follows:

@

@R
R
@h
@R

� �
þ 1

R
@2h

@/2 ¼ Z2
0Rh ð1Þ

where

h

Z0

R

2
64

3
75 ¼

ðTf � TaÞ=ðTb � TaÞffiffiffiffiffiffiffiffiffiffi
Bi=T

p
r=ri

2
64

3
75 ð2Þ

The above differential equation is subjected to the following bound-
ary conditions:

h ¼ 1 at R ¼ 1 and for 0 � / � p=2 ð3aÞ
@h
@/
¼ 0 at / ¼ 0 and for 1 � R � Sl ð3bÞ

@h
@/
¼ 0 at / ¼ p=2 and for 1 � R � St ð3cÞ

@h
@N
¼ 0 at R ¼ Rt and for 0 � / � p=2 ð3dÞ

where N and Rt are the normal direction at the tip and dimension-
less tip distance from the tube center respectively. The tip distance
rt for staggered and inline arrangement of tubes can be written as
follows:



Rt ¼ rt=ri ¼

Sðt1þ R2
aÞ=f2Ra cos /ð1þ tan / tan a0Þg for 0 � / � 2a0

St= sin / for 2a0 � / � p=2
staggered

"

StRa= cos / for 0 � / � a0

St= sin / for a0 � / � p=2
inline

�
8>>>><
>>>>:

ð4Þ

B. Kundu, P.K. Das / International Journal of Heat and Fluid Flow 30 (2009) 658–668 661
where

a0

Ra

� �
¼ tan�1ð1=RaÞ

Sl=St

" #
ð5Þ

Eq. (1) along with boundary conditions (3a)–(3c) can be solved by
separation of variables (Zabronski, 1955; Kundu and Das, 1999;
Kundu, 2007) to get the following temperature distribution in the
fin.

h ¼ I0ðZ0RÞ
I0ðZ0Þ

þ
X1
j¼0

Cj cosð2j/Þ I2jðZ0ÞK2jðZ0RÞ � I2jðZ0RÞK2jðZ0Þ
I2jðZ0Þ

� �
ð6Þ

The coefficient Cj may be obtained by exploiting the remaining
boundary condition (3d). Here, it may be noted that the conditions
(3a)–(3c) have been satisfied exactly along the respective bound-
aries but the boundary condition (3d) cannot be matched exactly
at the tip for the typical shape. This boundary condition has been
satisfied at a large number of discrete points at the tip until a de-
sired accuracy is reached. For the last boundary condition of the
fin, the following mathematical expressions are obtained for stag-
gered and inline arrangement of tubes:
@h
@N

� �
R¼Rt

¼ 0 ¼

cosða0 � /Þ sinða0 � /Þ
sin / cos /

� �
@h=@R

@h=R@/

� �
R¼Rt

0 � / � 2a0

2a0 � / � p=2
staggered

cos / sin /

� sin / cos /

� �
@h=@R

@h=R@/

� �
R¼Rt

0 � / � a0

a0 � / � p=2
inline

8>>><
>>>:

ð7Þ
Finally, the constants Cj are determined from Eqs. (6) and (7), and
the following mathematical expressions are obtained.
Z0I1ðZ0RtÞ
I0ðZ0Þ

¼

P1
j¼0

Cj cosð2j/Þ½Z0B1 þ B2f1� tanð2j/Þ tanða0 � /Þg�=I2jðZ0Þ for 0 � / � 2a0

P1
j¼0

Cj cosð2j/Þ½Z0B1 þ B2f1� tanð2j/Þ cot /g�=I2jðZ0Þ for 2a0 � / � p=2

2
6664 staggered

P1
j¼0

Cj cosð2j/Þ½Z0B1 þ B2f1� tanð2j/Þ tan /g�=I2jðZ0Þ for 0 � / � a0

P1
j¼0

Cj cosð2j/Þ½Z0B1 þ B2f1� tanð2j/Þ cot /g�=I2jðZ0Þ for a0 � / � p=2

2
6664 inline

8>>>>>>>>>>>>><
>>>>>>>>>>>>>:

ð8Þ
where

B1 ¼ I2jðZ0ÞK2jþ1ðZ0RtÞ þ I2jþ1ðZ0RtÞK2jðZ0Þ ð9Þ

and

B2 ¼ 2jbI2jðZ0RtÞK2jðZ0Þ � I2jðZ0ÞK2jðZ0RtÞc=Rt ð10Þ

The family of simultaneous equations given by Eq. (8) are solved to
obtain a finite number (say p) values of Cj (say C0 to Cp). The number
p should be chosen in such a way so that the solution yields results
of a desired accuracy. Then the temperature profile in the fin can
easily be determined by substituting these unknowns in Eq. (6).
After getting the temperature distribution in the fin, the heat trans-
fer rate (q) through the symmetric section of the fin can be calcu-
lated as follows:

Q ¼ q
kripðTb � TaÞ

¼ T½C0 � Z0I1ðZ0Þ�=I0ðZ0Þ ð11Þ

Flat fin efficiency is defined as the ratio of the rate of actual heat
transfer rate Q through the flat fin to the rate of ideal heat transfer
qi if the entire fin surface were at its base temperature. Therefore,
dimensionless Qi can be calculated from the expression given
below.

Q i ¼
qi

kripðTb � TaÞ
¼

Z2
0T½RaS2

t =p� 1=2� staggered

Z2
0T½2RaS2

t =p� 1=2� inline

(
ð12Þ

Thus fin efficiency

g ¼ Q=Q i ð13Þ

Flat fin effectiveness is defined as the ratio of the rate of actual heat
transfer through the flat fin to that which would be transferred (qe)
through the same base surface in the absence of the flat fin.
Qe ¼ qe=½kripðTb � TaÞ� ¼ ðZ0TÞ2 ð14Þ
Thus fin effectiveness can be written as

e ¼ Q=Q e ð15Þ
2.1. Sector method

In the sector method, the symmetric heat transfer module
(shown in Fig. 2) of the flat fin is divided into a number of sectors.
Each of the sectors, extending from the outer radius of the tube to
the fin tip, subtends a small angle at the center of the tube and is
separated from the neighboring sectors by imaginary insulating ra-
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dial lines. The efficiency of the n-th sector having an area An is gn,
the efficiency of the entire flat fin can be expressed as follows
(Shah, 1985):

g ¼
P1

n¼1gnAnP1
n¼1An

ð16Þ

where
gn ¼ 2D1=D2Z0ðR2
tn � 1Þ ð17Þ

D1 ¼ I1ðZ0RtnÞK1ðZ0Þ � I1ðZ0ÞK1ðZ0RtnÞ ð18Þ
D2 ¼ I0ðZ0ÞK1ðZ0RtnÞ þ I1ðZ0RtnÞK0ðZ0Þ ð19Þ
An ¼ 2an=r2

i ¼ D/ðR2
tn � 1Þ ð20Þ

Rtn ¼

Stð1þ R2
aÞ=f2Ra cos /n½1þ tan /n tan a0�g for 0 � /n � 2a0

St= sin /n for 2a0 � /n � p=2
staggered

"

StRa= cos /n for 0 � /n � a0

St= sin /n for a0 � /n � p=2
inline

�
8>>>><
>>>>:

ð21Þ

D/ ¼ p=ð2mÞ ð22Þ
and

/n ¼ ð2n� 1ÞD/=2 ð23Þ

m is the total number of the sectors considered.
After getting flat fin efficiency, flat fin effectiveness can be ob-

tained by the sector method from the expression given below:

e ¼ Q ig=ðZ0TÞ2 ð24Þ
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Fig. 3. Isotherms of an irregular polygonal fin: (a) inline arrangement; and (b)
staggered arrangement.
2.2. Optimization

Dimensionless fin volume of the symmetric heat transfer mod-
ule can be written as follows:

U ¼ v
2r3

i

¼ TðRaS2
t =F � p=4Þ ð25Þ

where F is a constant, 2 for staggered arrangement and 1 for inline
arrangement.

For the present case it is assumed that the tube radius ri, fin
material thermal conductivity k and the convective heat transfer
coefficient h are specified, i.e. the Biot number is known. Then
the rate of heat transfer and the plate volume are functions of plate
thickness T, pitch ratio Ra and St. The optimum fin dimension may
be obtained by maximizing heat transfer rate for a given fin vol-
ume or minimizing the fin volume for a given heat duty. Therefore,
it is an optimization problem having three variables and one con-
straint. The optimality criterion may be determined by the La-
grange multiplier technique. Eliminating the Lagrange multiplier
from the system of equations, one gets the generalized condition
of optimality as follows (Stoecker, 1989):

@Q=@T �@U=@T

@Q=@Ra �@U=@Ra

� �
@U=@St

@Q=@St

� �
¼

0
0

� �
ð26Þ

Eq. (26) can be written by using Eqs. (11) and (25) as

f1ðT;Ra;StÞ
f2ðT;Ra;StÞ

� �
¼

0
0

� �

¼ StRað2C0 þ 2T@C0=@T þ gÞ � ðRaS2
t � Fp=4Þ@C0=@St

2Ra@C0=@Ra � St@C0=@St

" #
ð27Þ

g ¼ Z2
0I2ðZ0Þþ Z0I1ðZ0Þ=I0ðZ0Þ � Z2

0I1ðZ0Þ=I0ðZ0Þ ð28Þ

To get the optimum dimensions, Eq. (27) is to be solved along with
Eq. (25) if the design problem involves constant volume. Otherwise,
if the required heat duty is specified, Eq. (27) is to be solved simul-
taneously with Eq. (11). Therefore, in either case, two nonlinear
equations are to be solved simultaneously to get three geometric
parameters of the irregular flat fin. This can be done applying the
generalized Newton–Raphson method (Scarborough, 1966). The fol-
lowing steps are required to obtain the optimum dimensions by
using Newton–Raphson method:
The design constraint either heat transfer duty or fin volume
can be expressed by a function as

f3ðT;Ra; StÞ ¼ 0 ¼
T½C0 � Z0I1ðZ0Þ�=I0ðZ0Þ � Q

TðRaS2
t =F � p=4Þ � U

(
ð29Þ

From Eqs. (27) and (29), the optimum dimensions can be approxi-
mated by using the generalized Newton–Raphson method:

Tjþ1

Rajþ1

Stjþ1

2
64

3
75 ¼

Tj

Raj

Stj

2
64

3
75� JðTjRaj; StjÞ�1

f1ðTj;Raj; StjÞ
f2ðTj;Raj; StjÞ
f3ðTj;Raj; StjÞ

2
64

3
75 ð30Þ



B. Kundu, P.K. Das / International Journal of Heat and Fluid Flow 30 (2009) 658–668 663
where J is the Jacobian matrix expressed as

JðTj;Raj; StjÞ ¼
@f1=@T @f1=@Ra @f1=@St

@f2=@T @f2=@Ra @f2=@St

@f3=@T @f3=@Ra @f3=@St

2
64

3
75 ð31Þ

The subscript ‘‘j” denotes the value of jth iteration. The convergence
criteria at each step of the iteration must be satisfied in the follow-
ing equation.

MaxfD1;D2;D3g < 1 ð32Þ

where the expressions for D1, D2 and D3 are given by

D1

D2

D3

2
64

3
75 ¼

j@C1=@Tjj þ j@C2=@Tjj þ j@C3=@Tjj
j@C1=@Rajj þ j@C2=@Rajj þ j@C3=@Rajj
j@C1=@Stjj þ j@C2=@Stjj þ j@C3=@St jj

2
64

3
75 ð33Þ

C1

C2

C3

2
64

3
75 ¼

T � Det X1=DetJ
Ra � Det X2=DetJ
St � Det X3=DetJ

2
64

3
75 ð34Þ

X1 ¼
f1 @f1=@Ra @f1=@St

f2 @f2=@Ra @f2=@St

f3 @f3=@Ra @f3=@St

2
64

3
75 ð35Þ

X2 ¼
@f1=@T f1 @f1=@St

@f2=@T f2 @f2=@St

@f3=@T f3 @f3=@St

2
64

3
75 ð36Þ
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Fig. 4. Comparison of results for performances of plate fins with a staggered array
of tubes predicted by the present semi-analytical and sector methods: (a) plate
efficiency; and (b) plate effectiveness.
and

X3 ¼
@f1=@T @f1=@Ra f1

@f2=@T @f2=@Ra f2

@f3=@T @f3=@Ra f3

2
64

3
75 ð37Þ

The above procedures are repeated till the geometrical roots T, Ra

and St are obtained to a desired accuracy (10�6 in the present
study). In this connection, it may be noted that the root finding
algorithm requires the values of different first, second and cross
derivatives of C0, namely, oC0/oT,o C0/oRa, oC0/oSt, o2C0/oT2, @2C0=

@R2
a ; @

2C0=@S2
t ; @

2C0=@T@Ra; @
2C0=@Ra@Stand@2C0=@St@T: They can be

obtained by successive partial differentiation of Eq. (8) and then
they have been solved by Gauss Elimination method. Finally, it
may be noted that the initial guess value of the optimum root for
the Newton–Raphson method has been chosen in such a way that
the convergence criterion of (Scarborough, 1966) has been satisfied.
3. Results and discussion

Based on the above analysis, results are taken for the variation
of different design variables. At first fin temperature is determined
by the semi-analytical method and a temperature contour is plot-
ted over the symmetric sector of inline and staggered arrays of
tubes for the same surface area and thermo-geometric parameters.
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Fig. 5. Comparison of results for performance of plate fins with an inline array of
tubes predicted by the present semi-analytical and sector methods: (a) plate
efficiency and (b) plate effectiveness.
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The surface area for both the heat transfer module can be ex-
pressed in dimensionless form as

A ¼ a=2r2
i ¼ S2

t Ra=F � p=4 ð38Þ

Fig. 3 depicts the aforementioned variation. A concentric contour is
obtained near the tube region of the plate which indicates almost
one-dimensional heat conduction occurred in this region of the
plate. As the radial distance of the plate from the centre of the tube
increases, the two-dimensional heat conduction in the plate gradu-
ally dominates. This effect becomes a maximum at the tip boundary
of the symmetric sector. In comparison with the inline array of
tubes, two-dimensional temperature field in the plate circumscrib-
ing staggered circular tubes is exhibited more due to the geometric
variation of the symmetric sectors. In addition from the figure, it
can also be noted that the temperature variation in the symmetric
module of the plate in the radial direction decreases sharply in
the case of inline array of tubes because more resistance occurs to
transfer heat due to conduction.

Now, an attention has been given to determine the performance
of a tube-and-fin exchanger by the present semi-analytical and
sector methods. In a tube-and-fin heat exchanger, staggered or in-
line tubes of array are commonly employed in practical applica-
tions. The performance of this type of heat exchangers is mainly
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Fig. 6. Comparison of fin performance for staggered and inline arrays of tubes: (a)
fin efficiency and (b) fin effectiveness.
dependent upon the performance of fins attached with the tubes.
The fin performance, namely, fin efficiency and fin effectiveness
depends upon the thermophysical and geometric parameters.
Fig. 4 depicts the fin performance as a function of Z0 and Ra pre-
dicted by the semi-analytical model and the sector method. In or-
der to establish the accuracy level of the sector method, different
fin geometries have been considered with the variation of Ra. The
fin efficiency and fin effectiveness obtained from both the methods
decrease with the increase in Z0. The increment of Ra gives a
decreasing fin efficiency, whereas, a reversed trend is observed
with the effect of Ra on the fin effectiveness. It is an expected
observation due to increase in surface area with Ra. In comparison
of methods of prediction of results, an approximate sector method
predicts a reasonably matching result with that predicted by pres-
ent semi-analytical technique. In every situation of results, the sec-
tor method gives an under predict value. Since heat flow seeks the
path of least resistance, this idealization of ideal radial heat flow
may result in the value of the fin efficiency and fin effectiveness
by sector method given by Eqs. (16) and (24) respectively, lower
than the actual, a conservative value. The same nature is obtained
for the inline array of tubes predicted by present semi-analytical
and sector methods which is displayed in Fig. 5.

Next a comparative study has been made for fin performances
of inline and staggered arrays of tubes for the same surface area,
thermophysical and geometric parameters. Fig. 6 is drawn for the
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Fig. 7. Fin performances for staggered and inline arrays of tubes as a function of Ra:
(a) fin efficiency and (b) fin effectiveness
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aforementioned purpose. From the graph, it can be demonstrated
that the fin efficiency of staggered array of tubes is high or lower
in comparison with that of inline array of tubes depending upon
the value of Ra selected. For Ra value greater than one, for the same
surface area, thermophysical and geometric parameters, tempera-
ture variation in the plate from base to tip for staggered array of
tubes diminishes at a slower rate than that in the plate for inline
array of tubes as already shown in Fig. 3. This is occurred due to
less conductive resistance in the plate in the case of staggered ar-
rays which increases the fin performance. The fin performance is
identical for inline and staggered arrays of tube for Ra = 1 because
both the arrays are converted into an equivalent symmetric sector.
In general for a constant Ra, fin performance for both the arrays
diminishes with the increase in Z0. On the other hand, a compara-
tive value of fin performance between inline and staggered arrays
of tubes not only depends upon the fin geometric parameter Ra but
also is a function of fin parameter Z0. For the lower value of Z0, and
for Ra greater than one, the fin performances of the inline array of
tubes gives a slightly lower value with respect to that for the stag-
gered array of tubes. With the increase in Z0, this difference in fin
performances increases. Therefore, form the figure, it can be con-
cluded that whether the difference in fin performances between
staggered and inline arrays of tubes is more or less, it depends
on the magnitude of Z0 and Ra associated with the design under
a constant surface area A.
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Fig. 8. Optimum design of plate fins as a function of Ra for staggered array of tubes:
(a) heat transfer rate and (b) plate thickness.
The effect of Ra on the fin performances is shown in Fig. 7. Dur-
ing this investigation, the fin parameter Z0 and surface area A are
taken constants. For a constant surface area A, the fin performance
increases first with the increase in Ra , reaches to a maximum value
for a particular Ra and then decreases with the further increase in
Ra. This trend has been observed for both the inline and staggered
arrays of tubes. The nature of trend has been unaltered for different
constant fin surface areas taken. The increase in area both de-
creases the fin efficiency and increases the fin effectiveness. From
the figure, it can be highlighted that fin performances are not only
dependent upon the array of tubes but also it depends strongly
upon the geometrical parameter Ra. For a lower value Ra less than
unity, fin performance of inline array of tubes gives a higher value.
The performance for both the arrays gives the same value for
Ra = 1. The fin performance of the staggered array is always higher
in comparison to that of the inline array for Ra > 1. For the inline
array of tubes, the maximum fin performance is obtained at
Ra = 1 whereas maximum fin performance for the staggered array
of tubes is noticed at Ra = 1.732. The difference in fin performances
of staggered and inline arrays of tubes increases significantly with
the increase in Ra due to decrease in fin performances rapidly in the
case of inline array of tubes. From this figure, it can be concluded
that a higher fin performance from either inline or staggered array
of tubes are obtained depending upon the magnitude of Ra selected
for a design application.

The optimization study has been carried out in a generalized
manner such that all the dimensions are varied to obtain an opti-
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Fig. 9. Optimum design of plate fins as a function of Ra for inline array of tubes: (a)
heat transfer rate and (b) plate thickness.
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mum geometry with satisfying either maximization of heat trans-
fer rate for a given fin volume or minimization of fin volume for a
given heat transfer duty. Thus, the optimum condition is depen-
dent upon the fin geometric parameters Ra, Sl and T, thermogeo-
metric parameter Bi, and a constraint condition either fin volume
or heat transfer duty adopted. In the present problem, thermogeo-
metric variable Bi is a known. Therefore, the optimum design con-
dition is a function of fin geometric parameters only. The
optimality criteria are derived by using Euler equations after elim-
ination of Lagrange multiplier and two optimality conditions are
achieved. These two equations can be solved simultaneously with
the constraint equation. The constraint equation either heat trans-
fer duty or fin volume can be taken depending upon the design
requirement. In this connection, it may be noted that, in the previ-
ous work, the geometric parameter Ra had not been considered
variable for the analysis of plate fin heat exchangers. The Ra value
had been selected a constant hypothetically for the inline and stag-
gered arrays of tubes. In the present study, Ra is taken a variable
and a methodology has been suggested to determine the optimum
Ra. Fig. 8 is drawn with the variation of heat transfer rate and plate
thickness for staggered array of tubes as a function of Ra for differ-
ent fin volume and a constant Bi. For every fin volume, there is an
optimum Ra for which heat transfer rate through the plate becomes
a maximum as well as plate thickness reaches to a maximum va-
lue. However, this optimum Ra does not depend upon the magni-
tude of fin volume. From this observation, it can be highlighted
that with the increase in fin volume, the sizes of the optimum fin
shape increases. From the optimum thickness, it can be highlighted
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Fig. 10. Optimum design of plate fins for staggered array of tubes: (a) optimum hea
that the fin thickness becomes maximum at the optimum point for
a given fin volume due to symmetric sector converted into a small-
est one satisfying a minimum thermal resistance. However, the
geometric parameter Ra is unchanged but the optimum fin thick-
ness increases monotonically. The same observation has been
found in the case of inline arrangement of tubes as shown in
Fig. 9. Thus from these Figs. 8 and 9, it can be demonstrated that
the optimum Ra is only dependent upon the arrangement of tubes,
not any other design parameters.

From Figs. 8 and 9, it is once more mentioned that the optimum
Ra for the inline and staggered arrays of tubes are a constant irre-
spective of constraint values (U or Q) adopted. Hence in the design
aspect, the optimization analysis of plate fins is not carried out to
determine the optimum Ra. In practical applications, the maximum
number of tubes may be fitted with the plate in a shell side in
which the shell dimensions are being kept at a constant. In that sit-
uations, the geometry is required to arrange in such a way that the
plate geometric parameter Ra may not always be possible to design
at its optimum value. In that applications, it is required to optimize
the fin dimensions with the consideration of additional constraint
Ra. Therefore, the present analysis is focused to study on optimiza-
tion of plate fins in a fin-and-tube heat exchanger for a specified Ra.
For this observation, Fig. 10 is plotted for the staggered array of
tubes. Fig. 10 depicts the variation of optimum parameters with
fin volume for different Ra values. Among the different Ra selected
for plotting, the optimum Ra has also been taken. The variation of
maximum heat transfer rate with fin volume is shown in
Fig. 10a. From this figure, it can be mentioned that for the optimum
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t transfer rate, (b) optimum plate thickness and (c) optimum transverse length.
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Fig. 11. Optimum design of plate fins for inline array of tubes: (a) optimum heat transfer rate, (b) optimum plate thickness and (c) optimum transverse length.
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Ra value, maximum heat transfer rate is noticed for a constant fin
volume. From the variation of Ra from its optimum value, the opti-
mum heat transfer rate decreases. Again the optimum heat transfer
rate depends significantly upon the Bi. For a higher Bi, the opti-
mum heat transfer rate is also higher. From the graph, it can also
be highlighted that the difference in heat transfer rate for different
Ra is dependable upon the magnitude of Bi used. It is of interest to
mention that a greater difference is noticed for higher values of Bi.
For every situation, the optimum heat transfer rate increases with
the increase in fin volume. Fig. 10b depicts the variation of opti-
mum plate thickness with the plate volume. From the optimum
plate thickness, it may be noted that for a given Bi and fin volume,
the plate geometry for the maximum heat transfer rate requires a
higher plate thickness. In addition the optimum thickness in-
creases with the Bi. The variation of optimum St with fin volume
is depicted in Fig. 10c for different Ra. The same trend in results
for inline array of tubes for the variation of optimum design vari-
ables with the fin volume adopted for an additional constraint Ra

is obtained and it is shown in Fig. 11.
4. Conclusions

The performance and optimization analysis of plate fins circum-
scribing circular tubes for inline and staggered arrays of tubes are
demonstrated by a semi-analytical technique. The sector method is
also applied on the same problem to determine the fin perfor-
mance. The result obtained by using the sector method is closer
to that values obtained by semi-analytical technique. However,
the sector method always predicts lower values of fin perfor-
mances. In comparison of fin performances for staggered and inline
arrays of tubes, fin performance for the staggered geometry is al-
ways higher for Ra value greater than one and on the other hand,
a higher fin performance for a constant surface area is not only
dependent upon the arrangement of tubes but also depends upon
the magnitude of fin parameter Z0 and geometric parameter Ra.
With the increase in Ra for both the arrays, fin performance in-
creases first, reaches to a maximum for a particular Ra and then
decreases.

It may be noted that the present adopted optimization scheme
is in the most generalized form as it does not only take care of
either volume or heat duty constraint, it is also applicable to both
regular and irregular polygonal fins. If the optimization equations
are solved in their present form, the unique values of Ra (=Sl/St) is
obtained for inline and staggered arrangement of tubes so that
the heat transfer rate is maximum for any given fin volume. It is
interesting to note that the solution yields Ra = 1 for the inline ar-
ray of tubes and Ra =

p
3 for the staggered array. This implies that a

square array for inline tubes and an equilateral triangular array for
staggered arrangement results in maximum heat transfer irrespec-
tive of fin volume and thickness. This result, though intuitively
well known for long, so far it has not been proved mathematically.

If the optimum dimensions are to be found for irregular polyg-
onal fins, Ra is to be specified a priori. The value of Ra may be fixed if
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the size of the heat exchanger envelope is specified or from other
practical limitations. For a given value of Ra, unique optimum val-
ues of St and T may be obtained depending upon the fin volume.
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